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Abstract: MRP Theory combines the use of Input-Output Analysis and Laplace transforms,
enabling the development of a theoretical background for multi-level, multi-stage production-
inventory systems together with their economic evaluation, in particular applying the Net Present
Value principle (NPV). In this paper we concentrate our attention on the question of optimal
lotsizing decisions within the MRP Theory framework. MRP Theory has mainly dealt with
assembly structures by which items produced downstream (on a higher level in the product
structure) contain one or more sub-items on lower levels, but at each stage, the assembly activity
produces only one type of output. This enables the input matrix, after enumerating all items
suitably, to be organised as a triangular matrix, with non-zero elements only appearing below its
main diagonal. The introduction of a diagonal lead time matrix capturing the advanced timing
when required inputs are needed, enables compact expressions to be obtained, explaining the
development of key variables such as available inventory and backlogs in the frequency domain.
Central in this theory is the generalised input matrix showing when and how much the internal
(dependent) demand amounts to for any production plan. Previously has been demonstrated that
in a one-product case, inner-corner conditions for an optimum production plan in continuous
time reduce the number of possible replenishment times to a finite set of given points at which
either a replenishment is made, or not. The dynamic lotsizing problem is thus turned into
choosing from a set of zero-one decisions with 2" alternatives, of which one (or possibly
several equivalent) solution(s) must be optimal, where m is the number of requirement (demand)
events. Given these points in time and the corresponding staircase function describing
cumulative demand, the optimal plan may be obtained, for instance by employing the Triple
Algorithm of dynamic lotsizing. This applies either an Average Cost approach, or the Net Present
Value principle is applied. In this paper, we extend this analysis to a general multi-item system
of the assembly type. Among other issues, it is shown how the number of internal demand events
depends on product structure and number of external demand events. Also the inner-corner
condition is proven still to be valid in this somewhat more complex situation, when demand for
lower-level items no longer is given from the outset, but instead depends on decisions
concerning production of items on higher levels in the product structure. A simple dynamic
program procedure is provided offering a solution to maximising the NPV for any general
assembly system. To solve for the optimal production plan, the Triple Algorithm may be applied
to each stage.

1. INTRODUCTION

MRP Theory combines the use of Input-Output Analysis and
Laplace transforms, enabling the development of a
theoretical ~background for multi-level, multi-stage
production-inventory systems together with their economic
evaluation, in particular applying the Net Present Value
principle. This theory has been developed during the last
three decades and has mainly been applied to assembly
systems (Grubbstrom and Bogataj, 1998, Grubbstrdom and
Tang, 2000), but there are also cases with systems in which
the production processes are divergent (Grubbstrom,
Bogataj and Bogataj, 2007, 2008, Grubbstrom, 2009),
enabling more than one output from a given process, or with
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feedback (Grubbstrom, 1990, 1999a). Input-Output Analysis
describes the requirements of materials and components (and
also of capacities and other resources). This methodology was
originally  suggested for analysing macro-economic
dependencies between different sectors of the economy by
Wassily W. Leontief, 1906-1999 (Leontief, 1928, 1951), and
has thereafter been developed also on the micro scale for
describing multi-level product structures. In parallel to the
later development of Input-Output Analysis, Andrew
Vazsonyi, 1916-2004, (Vazsonyi, 1955, 1958), put forth an
equivalent methodology adapted to the type of industrial
problems that were subsequently treated by Material
Requirements Planning (MRP), (Orlicky, 1975, Grubbstrom,
1996a). On the other hand, the Laplace transform, originally
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developed by Pierre-Simon Laplace, 1749-1827, (and in a
preliminary form by Leonard Euler, 1707-1783) is applied
for capturing time developments and lead times of the
processes concerned, and is also utilised for the economic
evaluation when applying the Net Present Value principle
(NPV), (Grubbstrom, 1996b, 1998, 1999¢). Combining
these two methodologies has given MRP theory a
framework enabling an extremely compact analysis.

In this paper we focus our attention on the question of
optimal lotsizing decisions within the MRP Theory
framework. In production systems with assembly structures,
items produced downstream (on a higher level in the product
structure) contain one or more sub-items from lower levels,
but at each stage, the activity produces only one type of
output. This enables the input matrix, after enumerating all
items suitably, to be organised as a triangular matrix, with
non-zero elements only appearing below its main diagonal.
The introduction of a diagonal lead time matrix capturing
the advanced timing that required inputs need, enables
compact expressions to be obtained, explaining the
development of key variables such as available inventory
and backlogs in the frequency domain. Central in this theory
is the generalised input matrix showing when and how
much the internal (dependent) demand amounts to for any
given external demand.

Previously has been demonstrated that in a one-product
case, inner-corner conditions for an optimum production
plan in continuous time reduce the number of possible
replenishment times to a finite set of given points at which
either a replenishment is made, or not made. The dynamic
lotsizing problem (allowing no backlogs) is then turned into
choosing from a set of zero-one decisions with 2"
alternatives, of which one (or possibly several equivalent)
solution(s) must be optimal, where m is the number of
requirement events. Given these points in time and the
corresponding staircase function describing cumulative
requirements (demand), the optimal plan may be obtained,
for instance by employing the Triple Algorithm for dynamic
lotsizing. This applies either an average cost approach (AC)
or the Net Present Value principle (NPV) is applied.

The two most well-known methods for solving the dynamic
lotsizing problem are the Wagner-Whitin dynamic
programming algorithm (W-W) developed by Harvey M.
Wagner and Thomson M. Whitin (Wagner and Whitin,
1958), which leads to an optimal solution, and the
Silver-Meal heuristic (Silver and Meal, 1973), which leads
to a near-optimal solution. Also a few other discrete-time
algorithms have been presented later, such as by Federgruen
and Tzur (1991). It has been shown previously that W-W as
well as the Silver-Meal heuristic may be stated both in
discrete and continuous time, either the Net Present Value
(NPV) or the Average Cost (AC) is applied as the objective
function (Grubbstrom, 2005). Also our Triple Algorithm,
which is of the forward type, see (Grubbstrom, 1999b,
2005), performs in continuous time as well as in discrete
time. However, without any loss of generality, our analysis
to follow will be confined to discrete events taking place in
continuous time alone.

In our treatment below, we extend this analysis to a general
multi-item system of the assembly type. After having given a
brief overview of MRP Theory in Section 2, it is shown how
the number of internal demand events depends on product
structure and number of external demand events, among other
issues (Section 3). Also the inner-corner condition is proven
still to be valid in this somewhat more complex situation,
when demand for lower-level items no longer is given from
the outset, but instead depends on decisions concerning
production of items on higher levels in the product structure
(Section 4). In Section 5 an outline of the Triple Algorithm is
provided. A simple dynamic programming procedure is
developed in Section 6 for providing a solution to the problem
of maximising the NPV for any general assembly system. To
solve for the optimal production plan, the Triple Algorithm
may be applied to each stage. A numerical example with five
levels is analysed and solved in Section 7, followed by a final
section summarising our conclusions.

2. OUTLINE OF BASIC MRP THEORY

The two basic ingredients in MRP Theory are Input-Output
Analysis and the Laplace transform, see (Aseltine, 1958,
Churchill, 1958, 1960, Zhixin and Grubbstrém, 2001).
Starting with the latter, let us consider a given time function
x(¢), where ¢ is time and ¢ > 0. The Laplace transform is then
defined as the integral

0

£{x(0)} = i(s) = j x(t)e " dt (1)

where s is the so called Laplace frequency (complex
frequency). In general, s is a complex variable s = o+ @w+/-1.
Eq. (1) maps a time function into a new frequency function.
The notation £{x(t)} and X(s) are two alternative notations
for the transform, the latter explicitly showing it to be a
function of 5. In order for the transform to exist, the integral
must converge, which implies that the function x(f) may not
grow faster than at an exponential rate. In all practical
circumstances, the time functions allow the transform to exist,
and there is a one-to-one relationship between the time
function (in the time domain) and the transform (in the
frequency domain). The time function corresponding to a
given transform is called the inverse transform, often written

as x(t)=£" {i(s)} . In this article, we make use of only a

minute part of Laplace transform methodology.

A step function of level a starting at ¢ = 0 has the transform:
£{a} = jae’”dt =als, )
0

A special (generalised) function is the Dirac impulse (the
impulse function) written 6(¢t—T7). This time function only
exists at ¢ = T, where T is a given point in time, 7 > 0. It can
be defined as an infinitely narrow and infinitely tall impulse
with a unit area, such as for instance a rectangle with
0t-T)=a, for t>2T and t<T+1/a, and 6(t-T)=0

elsewhere. The transform of (¢t —7) =0 is given by:
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£{5(t-T) =eT. 3)

Of the vast set of theorems existing for the Laplace
transform, we mention the following:

Time differentiation and time integration

4%}:5&@), £{j.x(f)df}=7‘(s)/s' @

0

Final value (and time average) and initial value, assuming
these limits exist

t

. .1 L
}ng(t) = }Eg p ‘([x(z')dr = Elir()lsx(s) , %)

1{13(} x(t) = }Lng sx(s) . (6)
Time translation
£ {x(t - T)} =eTX(s). (7

When a function x(#) is moved uniformly forwards in time,
we have 7> 0, and this formula holds defining x(¢ - 7) to be
zero for ¢ <T. But when we move backwards in time and
T'<0, then the function might cross t=0 and the function
becomes truncated. So the formula assumes always that
x(t - T)=0 for ¢ <T. This theorem is used for describing the
effects of lead times.

A staircase function is made up of steps of various heights
taking place at a set of given times, say the m points in time
t,t,...,t, . Let the steps at these points have the heights

0,.,0,,....,0, . Looking upon the staircase as a sum of steps,
using (2) and (7) the jth step contributes with Qjeﬂ’f' /s
giving the staircase the transform:

Staircase function
2.0 /s, @®)
Jj=1

But we can also look upon the staircase function as an
accumulation (time integral) of contributions from Dirac

impulses Q/.eﬂ" , in which case (3) and (4) provide the same

expression [z Qe J/ s.

j=1

An additional application of the Laplace transform is its use
in financial evaluations (Grubbstrom, 1967, Buser, 1986,
Grubbstrom and Jiang, 1990). The Net Present Value (NPV)
of a cash flow x(¢), existing in non-negative time, quite
generally, may be written

Net Present Value (NPV)

0

NPV = [x(t)e"dt, )

0

where p is the continuous interest rate. Comparing this
integral with (1), we immediately see the identity:

NPV=[£{x(t)}l:p =%(p). (10)

So, if given the transform of the cash flow X(s), its NPV is

directly obtained by substituting the complex frequency by the
continuous interest rate.

When there are discrete payments, these are interpreted as
Dirac impulses.

The annuity stream is the constant cash flow equivalence of a
series of payments during a given interval 7. For any NPV
evaluated from a cash flow during an interval of length 7, its
corresponding annuity stream will be

Annuity Stream

Annuity Stream = 1 prT . (11)
Whereas several often-used mathematical operations in the
time domain are quite cumbersome to perform, such as
multiple integrations, their corresponding operations in the
frequency domain become simple algebraic manipulations.
The one-to-one property for a wide range of time functions
and their transforms ensures that the resulting transform is a
unique counter-part of the corresponding time function.

In our assembly system, we have altogether n items. The
external demand D(#) and production P(#) are represented by
n-dimensional column vectors each being a function of time.
These vectors are defined as rates and converted into Laplace

transforms ﬁ(s) and P(s). The vector P(s) also includes

purchasing (which can be considered a special case of
production) and it is defined for production at the time of its
completion. We will be considering only batch production,

which implies that P(s) is made up of a set of impulses, and

similarly we assume external demand to occur in given
amounts at given discrete points in time, also making

components of D(s) sums of impulses.

For the production (assembly) of one unit of item j, there is a
need in the amount of My of otheritems k, k=1,2, ..., n, and
there is a lead time 7, ahead of the completion of the

production (assembly) of item j at which the components are
needed. The 4, are arranged into the square input matrix H

describing the product structures of all relevant products. The
lead times 7, 7,, ..., 7,, create internal demands in advance

of production and are arranged into a diagonal matrix T(s),

the lead time matrix, having ¢’” in its jth diagonal position:

esrl oo 0

T(s)= (12)
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The product H7i(s) is the generalised input matrix and it

captures component requirements
required advance timing,

together with their

If a plan for production P(s) is given, this production will
create an internal (dependent) demand amounting to
H%(s)P(s), where the diagonal lead time matrix %(s)

multiplies each column j of H with the factors e'”
respectively, moving the requirements the respective lead
time backwards in time, i. e. an application of the translation
theorem (7). Internal demand represents ear-marked items
designated for the given production and is an inflow of items
into  work-in-progress  (allocated  component  stock,
allocations). At the time of completion, items change
identities, newly created products appear and corresponding
ear-marked requirements disappear. The outflow from work-

in-progress is thus HP(s).

Available inventory R(s) is defined as total inventory less
allocations and represents items that may satisfy external
(independent) demand ﬁ(s). With an inflow of P(s) and
an internal outflow of H#(s)P(s) and external outflow of

D(s), disregarding backlog issues, we have

- R(0)+(I-Hi(s))P(s)—D(s)

R(s) (13)

N

where R(0) is initial available inventory, I the identity
matrix, and where the time integration theorem (4) has been
applied. Other similar fundamental equations of MRP
Theory concern allocations and backlogs.

The non-negativity of available inventory over time, i. e. the
vector R(?) satisfying R(¢) >0

R()=£" {R(s)} =
(14)

e {R(O) +(1-Hi(s)) P(s)— D(s)} o

s
is one of the fundamental constraints of MRP systems. If
R(?) would have some negative component at some time,
this would mean a shortage and the plan represented by
P(s) would not be feasible. Other similar constraints

concern capacities (Grubbstrom and Wang, 2003, Huynh,
2006), but are not treated here, since we are avoiding to take
capacity constraints into consideration in this current
treatment.

In MRP terminology, D(s) may be called the Master

Production Schedule (MPS). This is what is planned to be
produced for external delivery. The Lot-for-Lot
replenishment policy (L4L, or “As Required”) determines

P(s) exactly to satisfy the given MPS, i.e. to avoid any

addition to available inventory. Therefore (I—H(s))P(s)
-D(s) =0, and

P(s)=(1-Hi(s)) D(s), (15)

explaining explicitly exactly how much to produce of all items
at all times, in order to satisfy D(s). This simple compact

formula covers every possible production plan for any MRP
system with any MPS, when L4L is applied. For other
standard ordering policies, such as Fixed Order Quantity
(FOQ) or Fixed Period Requirements (FPR), the results are
not equally explicit (Grubbstrom and Huynh, 2006).

The converse policy to L4L is “All at Once” (V@1). This

policy minimises the number of setups and maximises
available inventory) Here, setups only occur at the first
necessary point in time of a production plan, and all items of a
particular type are manufactured in one batch only. Although
we do not have a simple algebraic formula available for the
V@1 policy, the production plan is easily obtained from (15)

by adding all amounts together for each item, and then timing
these totals at the earliest of the times given by L4L (see
example in Section 7).

The inverse matrix (I—H‘i:(s))_1 is a generalisation of the
Leontief inverse (1 —H)71 used in Input-Output Analysis, and
lim (I—H‘I'(s))_1 = (I—H)_l. If the characteristic roots
s—0

(Eigen-values) of H all have absolute values less than unity,

then (I- H)_1 may be expanded into a Neumann series:

(I-H) =I1+H+H? +... . (16)
For typical assembly systems, H is triangular with zeros on
and above its main diagonal. In such a case, the series (16)

converges in a finite number of steps, since H* = 0, for k>n .

If H is triangular, so is (I—H)_1 (but with unit elements

along its main diagonal). The series expansion also shows that
the Leontief inverse has only non-negative elements. Similar
properties hold for the generalised Leontief inverse

(1-Hi(s)) .

In this paper, we will confine ourselves to deterministic
situations with a given plan for deliveries from the system
without considering opportunities to reschedule or to hold
safety stocks. Also, we are refraining from considering
capacity constraints. Issues related to these more general
situations have been treated in other work (Bogataj and
Ferbar, 1996, Segerstedt, 1996, Tang, 2000, Grubbstrém and
Wang, 2003, Huynh, 2006). Other extensions and work related
to MRP Theory can be found, for instance among (Martin,
1997, Bogataj, 1999, Ferbar and Bogataj, 1999, Bogataj and
Bogataj, 2001, 2003, 2007, Grubbstrém, 2007).

For purposes of stating an objective function, MRP theory
introduces economic parameters in the form of a price vector
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p to describe unit revenues from sales, a unit production cost
vector ¢ containing a unit variable cost of production
(avoiding any fixed costs), and a vector of setup costs K
capturing the fixed cost associated with the production of a
batch. Each of these vectors is an n-dimensional row vector,
its ith component designating the parameter in question
concerning item i. Furthermore the continuous interest rate
p is used for discounting the relevant cash flows. The cash

flow of revenue in-payments is thus pD(¢), the cash flow of
production cost out-payments is ¢P(f) and of fixed setup
costs KP'(¢), where the setup vector P'(¢) describes the

timing of production batches being completed as a sum of
unit impulses.

In KP'(t) the out-payments for setups are thus associated

with production completion times rather than the times at
which the production of a batch commences. This is made
only for the sake of notational simplicity. Without loss of
generality, the possibility to discount a component to the
lead time ahead of completion (or to any other intermediate
time) may be included in the values of the components of K.

Applying the net present value theorem (9), we may write
the economic consequences from a given production plan as:

NPV = pD(p)—cP(p) - KP'(p). (17)
Since we are not allowing for any shortages to exist in the
treatment below, we may disconsider any economic
consequences concerning backlogs and lost sales. We may
also note that only planned production is treated with

external demand assumed to be known in advance, so all
variables are deterministic.

3. DEVELOPMENT OF EXPRESSIONS FOR
DEMAND EVENTS

In this section we develop expressions for the number of
demand events (external and internal) that the system faces,
when given sequences of external demand events during a
finite horizon. Throughout our treatment in this and the
following sections, the input matrix H is assumed to be
written in triangular form, meaning that items on a higher
level in the product structure have lower indices. Internal
and external or different sources of internal demand may, by
coincidence, happen to generate internal demand events at
exactly the same time.

External demand ]3(5) is assumed to take place in discrete

amounts at different times. For item no i, its external
demand can be written:

e S

DiMi:| b

e—S tint;

MI
D,(s)=) Dy =[ D, (18)
j=1

where D;; is the size of demand at the jth demand event that
takes place at time ¢;

U b
demand events of item i.

and M, is the number of external

By replacing the amounts D;; by unit elements, the sequence

of events as a train of unit impulses written ﬁ,f (s) will be

oSt

M;
Di(s)=2 " =[l 1] |,
Jj=1

—Slim;

(19)

and therefore:
M; = lim Di(s). (20)

We may collect all l~)1'- (s) into a common vector D'(s),

Dj(s)
D'(s)=| : |, 20
D} (s)
and define a vector M according to
M,
M=| i |=limD'(s) (22)
s—0

This vector contains the number of external demand events of
all items (some possibly by coincidence double-counted).

The immediate internal demand of components and raw
materials generated from external demand ﬁ(s) is

H‘?(s)f)(s), which in its turn generates the internal demand

(H‘f(s))2 D(s), etc., so when production exactly matches

demand, total internal demand will be

n—1
(Hi(s)) D(s) = ((1 —H(s)) —I)f)(s) ,

k=1

(23)

. UENY ~ . .
since (H#(s)) =0, for k>n, HZ(s) being a triangular
matrix with zeros in its main diagonal, and where the sum is
interpreted as a Neumann expansion of the inverse matrix.

By replacing positive elements in the input matrix by unit
elements, writing this new modified input matrix H', the
internal demand events as a whole will be given by:

((I ~H'E(s)) " —I)f)'(s) . (24)
Here, the lead time matrix T(s) does not affect the number of
events, only their advanced timing. If we add external demand
events ﬁ'(s) , the total sequences of external and internal
demand events will be
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my (s)
m(s)=| : |=
m, (s)

= ((1 ~H'i(s))" —I)f)’(s) +D'(s) = (25)

= (1-H'%(s)) " D'(s),
defining the vector m(s) , and where m;(s) is the sequence
of all events for item .

We may compare this equation with the production plan
following the Lot-for-Lot policy (L4L) according to (15), in
which case available inventory is kept at zero levels
throughout. Hence the maximum number of demand events
equals the number of production events when following the
L4L policy. The total number of events can thus be
conveniently written:

my ()

=lim| : |=
s—0| _
m, m, (s)

my

m-=

=lim (1 - H'i(s))” D'(s) = (26)
All
—(-m)"| i |=(1-H)"'™,

M

n

since lirr(l]i'(s):l, and where (I—H')_1 is the modified
5—>

Leontief inverse obtained when replacing all positive
elements of the input matrix by unit elements.

The obvious case, when the number of demand events is the

highest possible, is obtained for a matrix H'=H' that
contains unit elements in all positions below its diagonal.
Then all items in the product structure will require all types
of items on lower levels (i. e. manufactured upstream). We
derive the following theorem for this case:

Theorem 1: Let H' be a modified input matrix with unit-
valued elements in all positions below its main diagonal and
zeros elsewhere. Given a lead time matrix 7(s), its

. -1
generalised Leontief inverse (I - H'i'(s)) will be:

0, fori<j,
1, fori=j,

T8 . .
e’ fori=j+1,
i i—1

e’ H (1+er"s), fori> j+1.

k=j+1

27

Proof: Since I—I:I’i'(s) is triangular with unit elements

along its main diagonal, it has a determinant equal to unity
and is regular. Hence, its inverse is unique. Therefore, it

. . -1
suffices to show that the product (I - H’%(s))(l - H"i'(s)) is

the identity matrix I. Taking the scalar product of row i and
column ; in the two matrices, it is trivially seen that

i[(l_ﬁq,(s))ll [(I—ﬁ’i’(S))‘l L i {? J/;o: - ,]

I=1

For i>j, we develop the non-zero terms of the product

according to
. -1
[(I—H’i‘(s)) } =

Ui

n

Z[(I - ﬁ'%(s))ll

I=1

[z 1)

I=j+2k=j+1
where the summation has been moved one step in the second
J
term, and the convention H (1 +e' ) =1 applied. m
k=j+1

With this structure of the input matrix, it will generate the
largest number of internal demand events, and their advanced
timing is given by (27). This leads us immediately to:

Theorem 2: The maximum number of internal demand events
occurs for a system having the following modified Leontief

inverse
| 0, fori>j,
[(I—ﬁ') } =11, fori=j, (28)
o2, fori<j.
Proof: In (27), we have lin(l)i'(s):l, and therefore
s>

- -1 A\l

lim(I—H'i(s)) = (I—H') . Taking the similar limit of the

s—0

right-hand member of (27), we obtain zero, for i <j, unity for
i-1

i=jand i=j+1, and finally lime"* H

s—0

s\ _ Ai—j-1
(1 +el ) =i
k=j+1
fori>j. m
As an example we choose a 5x5 system, in which case:

1 0 0 0 0

-1 1 0 0 0
I - =|-1 -1 1 0 0
5%5 5%5

-1 -1 -1 1 0

-1 -1 -1 -1 1

and
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(1, A ) =

0 AN = =
Ao = = O
N = = O O
_— = O O O
— o O O O

For the maximum-event case, for the total number of

A\l
demand events we have m = (I - H’) M, so:

i-1

m; = 2"’-/’1Mj +M,. (29)

Jj=1

4. THE INNER-CORNER CONDITION FOR
OPTIMAL LOTSIZING

We now turn our attention to the necessary inner-corner
condition for a production plan to be optimal. This condition
provides us with the opportunity to formulate the lotsizing
problem using binary decision variables.

For the one-product system it has been shown previously
that the optimal production plan must satisfy the inner-
corner condition (Grubbstrom and Molinder, 1994,
Grubbstrom, 1999b, Grubbstrom, 2005). Dropping the first
subscript of relevant variables temporarily (the item index),
this condition can be illustrated as a relationship between a
right staircase function describing cumulative requirements
(demand) Dand a left staircase describing cumulative
production (replenishments) P as shown in Fig. 1. Either
the AC or the NPV is applied, at the optimum the two
staircases must fit into each other at “inner corners”
(indicated by circles in the figure). Thus the optimal number
of batches produced can never be higher than the number of
events generating requirements m. Also the final level of
cumulative production and cumulative demand always must

coincide, P, = D, . There is no use of any surplus after the

end time ¢, .

- = = - cumulative production

cumulative requirements

O inner comer contacts t

Fig. 1. The staircases of cumulative production (dashed) and
cumulative demand (solid). Inner corner contacts are marked
by circles.

There must always be a setup at the initial time ¢,, so in the
one-product case, the inner-corner condition limits the
different alternative candidates for the optimum production

staircase to the number 2", which increases fast in m. For
m = 30, this number is about 537 million, for m = 40 about

550 billion, and for m = 100 about 0.63-10%°.

We therefore state the following theorem:

Theorem 3: For an assembly system with no backlogs allowed,
it is always optimal to complete production at points
belonging to the set of inner corners, either the Net Present
Value Principle or the Average Cost measure is applied.

Proof: The net present value given any feasible production
plan P(s) (assuming no backlogging) is given by (17)
NPV =pD(p)—cP(p)-KP'(p), where P'(s) is the setup
vector, i. e. the production vector f’(s) with batch volumes
replaced by unit values. Feasibility of P(s) is given by the

available inventory constraint (14).

First, we pay attention to an end item (facing external demand
only). If a plan P(s) contains an end item production batch

l~’ij (s)= ije_”"" not being at an inner corner of external
demand for this item, then either this production may be
delayed a finite interval A¢, i. e. Ql-je_s(t’jw) , or the level O
may be reduced by a finite amount AQ;, or both types of
change may be made, without making the new plan infeasible.

In the first case, the change in available inventory is
EHARE| = £ {(1-HE(6)y,,, Oy ™ (¢ 1)) . The

columni =Y

column vector (I-Hi(s)) ~ has a unit element in position

columni
i, zeros above the main diagonal, and elements of the type
—Hye', k>i, below the main diagonal. The change in
completion time of end product i creates a reduction in its own
available inventory by £ {Aﬁi(s)} ¢! {Qi,e_‘”f” (e’SA’ —1)/ s}
which is feasible as long as the new completion time ¢, + Az
does not exceed the time of the adjacent inner corner of
cumulative external demand D, (s)/s . For items k below item

i, the change in available inventory becomes £ {Aﬁk (s)} =

£ {H e Q,-je_”"f (1 e )/ s} , which is an increase in
available inventory and therefore makes the new plan feasible.

Instead, for a reduction in batch size by AQ; (negative), as

long as the new level does not violate cumulative external
demand D,(s)/s , the reduction in available inventory of item i

amounts to £ {Aﬁi(s)}zfl {AQijefst"f / s} and for lower

levels k& an increase obtains by £ {Aﬁk(s)}z

! {_ H e A ije—st‘f /s} since AQ; is negative. Hence, the
available inventory constraint is not violated by small finite
changes in either completion time or production level (when
these changes comply with the end product cumulative
demand).

For a postponement by Af, the net present value changes by

ANPV = —cAP(p)—KAP'(p), where AP (p) =
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y

Qe (e =1)<0 and AR(p)=e (e ~1)<0,
and Af’k(p) =0 and Af’k’(p) =0, for k=#i. Therefore,
ANPV =—cAP(p) ~ KAV(p) =(c,0; +K; )e " (1 —e PN ) >0.
Instead, for a reduction in production level, we have simply
ANPV = —cAP(p) = —ciAQl-jefp " | which also is positive.

Hence, a feasible production plan for an end item not having
production at inner corners can never be optimal.

For an item on a lower production level (upstream), similar
conditions apply. Postponing production, if this is possible
cannot reduce available inventory of downstream items, but
reduces its own available inventory. Neither can such a
postponement create any shortage concerning upstream
items as long as cumulative production does not exceed
cumulative demand. Instead, if the production level of this
item is possible to reduce, without violating the
requirements (created by downstream items alone in an
assembly system), such a reduction cannot create any
shortage for either upstream or downstream items. So with
positive vectors ¢ and K, and with a positive interest rate p,
if a move to an adjacent inner corner is possible, then this
increases the value of NPV.

Applying the average cost measure, the consequences are
similar. The number of setups will not be changed, and
therefore not total setup costs, and available inventory will
be reduced. m

Therefore, an optimal production plan involves at most
production events at the points generated by
m:(I—H’)_lM in (26). Reductions in utilising all

available points, i. e. refraining from the L4L policy on a
higher level, reduces the number of opportunities upstream.
Also, the number of requirement events may be lower due to
more than one event being generated at the same time. This
may happen for combinations of external demand events and
lead times by coincidence.

We therefore conclude that the optimal production plan for
the system as a whole is to be found from a zero/one
problem concerning at most all points generated by

(1-H'%(s))" D'(s).

The relation between the zero/one decisions ¢,, a
production plan P(s), and requirements, is now studied.
Assume the production plan P(s) is given as concerns items
k=1, 2, ..., i-1. Then there is a given total demand

(requirements) for item i, written as bl- (s) , amounting to

f)i (s)=[H¥(s)] P(s)+D,(s), (30)

which is made up of internal demand (first term) and
external demand (second term). Since H is triangular for our

assembly system, only production plans I3k(s) for items
k=1,2,..,i-1, will contribute to the first term of internal

demand. Let us write cumulative requirements as

ﬁi(s)zﬁi(s)/ s, where the division by s represents time
integration. The timing of the requirements are given by
[H'Z(s)] . P'(s)+Di(s).

From our binary decision variable approach, we choose
zero/one variables o, for j = 1, 2, 3, ..., m,, as decision

t.

variables with @, =1 meaning that production occurs at 7,
and «; =0 not. It always applies that ¢, =1 (the earliest

inner corner). Hence, when this plan is implemented, we have

13[’(s) = Zai/e_“” as regards timing. The production plan for
j=1

item i will be 13[(s) = Z i/e_“"" and cumulative production
J=1
P(s)=B(s)/s = Z e /s, cf. (8). The level of
J=1
cumulative production immediately after the completion at ¢,

k
is written P, = ZQU . The possible times 7, depend on the

j=1
production plans for items downstream 13,{' (s) , but these times,
for an optimal plan, must belong to the set generated by
[HE(s)]  D(s).

Tow 1
For simplicity, we temporarily drop the first index i (the item
index), by writing a decision «;, cumulative production }_?/.,

P, m;,etc. We also

and number of events m, rather than ¢, ,
let bj represents cumulative total requirements at time ¢,
(including both internal and external demand) and

D = D ’ —lA)‘,.f1 denote requirements at ¢ iy

Consider Fig. 1. If a; =0, the cumulative production remains

at its earlier level, 1_31 = ﬁH ,i.e. 0, =0, and if a; =1, then
-D.

Jj-1

P

J1 =

~

D, ): 0 and

J

which  implies « ; (ijl

(1 -q, )(1_’/ —1_?/._1 ) = (0. Subtraction between these two zero-

valued expressions yields:

(l—aj)ﬁ -P_ +a‘.lA)

J J

€2))

This is a first-order difference equation in the cumulative }_’/ ,
when given cumulative requirements ﬁj and decisions «; .
The following theorem provides its solution.

Theorem 4: The difference equation (31) has the unique
solution:
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(32)

k=j+l  I=j+

— m k
P =(D/. + > D, H(l—a,)].
and, as a consequence, the lotsize at time 7, may be written:

9, :O‘.i(bﬁ Zm: b, ﬁ(l_al)J:

k=j+1  I=j+

(33)

m k
a; kz H (l-a)
=J

:jl

Proof: Inserting the expression (32) for P. and }_’H into

J

(31) immediately yields

:(1‘“/)D/+(1‘“j)z H(l a,) -
—iﬁkﬁ(l—a,)_o

By taking the difference between (32) for subscripts j and
(- 1), we obtain:

QJ :ﬁj _ﬁjfl =
- m N k —_ mo k
=D+ Y. D, []0-a)-D, =X D J[0-a)=
k=j+1 I=j+1 k=j I=j
m n k
=a,|D;+ Y D, [](0-a)
k=j+1 I=j+1

Hence (32) satisfies (31) and so does (33), and there can be
no other solution, since all expressions each generate a
unique sequence. m

By defining a triangular matrix A,, as

o al(l—az) al(l—a2)~..~(1—am)

A, = 0 o .052(1—a3)~...~(1—am) . G4
O 0 . .
0 0 a

where m, as before, is the number of requirement events,
(33) may be written in the convenient compact form:

Q=A,D (35)

By further using a vector t= [e_t“",...,eftms} identified from

D=1D to describe the timing of requirement events,
production in binary form will be given by

P(s)=tQ=1A,D. (36)

Reintroducing the first subscript i (the item index) and the
notation lA)y- for requirements (internal plus external demand),

it is now clear that the decisions ay constitute the coefficients

of the production timing (setup) vector P'(s)

o _
z o -
F(s) = ta,,
P'(s) = : = : = : s (37)
13,,'(.5‘) < Enanmn
z anke*”nk
L k=1 i
where we have introduced the vectors
;)
o, = Cl,i=1,2,..,n (38)
aim»

i

and so the production plan P(s), using (33) and (36), may be

and requirements D,

written in terms of the decisions a; i

im;

only:

- _
) Z Qlje—stlj
R(s)| | /=1

P(s)=| ! |= : =
B(s)| |

B ny m k ]
ZaljZle H (1-ay)e™
J=U k=i =y t Ay, Dy
- : N T,
i‘n‘Anm]A)n
Zansznk H(l anl)e "
j=1 k=j I=j+1 |

Whereas external demand events never have zero demand. it
may well happen that internal demand for an item is zero at
some of the time points generated by the L4L solution, i.e. that

some D; contain one or more zero-valued components.

5. THE TRIPLE ALGORITHM FOR
DYNAMIC LOTSIZING
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We devote this section to explaining the Triple Algorithm
for the one-item case. In production-economic literature, the
dynamic lot sizing problem is a problem frequently referred
to.

The Triple Algorithm and the standard W-W algorithm
apply to a deterministic one-level demand process allowing
no backlogging, and similarly the Federgruen-Tzur
algorithm, cf. Section 1, the latter developed for discrete
time. Based our statement on the inner-corner condition in
Section 4, the dynamic lotsizing problem may be stated in
terms of a set of zero/one decision variables, because, at the
optimum, production takes place only at inner corners. In
the following, we apply this binary formulation to the Triple
algorithm.

In the same way as at the end of the previous section, we
drop the first index i (the index designating a specific item),
so for this single item we have the requirements

—St,
e 1

5]

e_Slm

D(s)=[ Dy (40)

m
J :
J=1

The dynamic lotsizing problem is now formulated in the
following way. There is a finite horizon during which
requirements for a single product are given by the amounts

D, 152, ... D, at times ¢, t,, .., t,. Cumulative
requirements are written D, :ij and D(t)=D,,
j=1

t, <t<t,,. The issue is to determine the optimal amount to

produce at each point in time when no shortages are
allowed.

i+l

As an objective function we may apply either the average
cost, or the net present value. In general, any cumulatively

produced volume at time ¢, written P(¢), satisfying
P(t) > D(7) , would be feasible.

According to (17), the economic consequences are limited to
a setup cost K at each time a production takes place (a batch
is completed) and a variable production cost ¢ for each unit
produced, since revenue in-payments are given and so their

NPV, pD(p). The continuous interest rate p is used when

applying the NPV principle, and the inventory holding cost
per unit and time unit is 4 when applying AC as the
objective. In standard situations, but not always, see
(Grubbstrom, 1980, Klein Haneveld and Teunter, 1998,
Teunter and van der Laan, 2002), we normally have 4= pc

when comparing the AC and NPV approaches with first-
order approximations of the exponential functions
concerned.

It is evident that if the setup cost for each batch is
sufficiently high compared to the holding cost (or the
interest rate), there must be exactly one setup at the very
beginning (“All at Once”, V@]1), and if it is sufficiently

low, then a setup is afforded each time a requirement occurs

(the L4L policy “As Required”). Therefore, the dynamic
lotsizing problem is non-trivial, only when the ratio between
these costs neither is very high, nor very low. One may thus
conjecture that when this ratio falls into an intermediate range,
more complexity is created, than outside of this range. The
L4L policy harmonises with the popular idea of “just in time”
as the best guidance. This topic, however, will be discussed
elsewhere.

With m points in time with requirements, we are dealing with
a staircase function of cumulative requirements having m
steps. Our problem is to find the best out of the 2" possible
cumulative production staircases, in this one-product
formulation. We choose the NPV (17) as the objective to be
maximised and disregard revenues. Then we have

NPmeduction = _Kp’(p) - Cﬁ(p) =

m . m . m_o k .

Pl Pl P

ae”’ —c) ae E D, (l-a)e ™ =
Jj=1 j=1 k=j I=j+1

-Kt(p)a,, —ct(p)A,D, (41)

where (33), (36) and (38) are used. The first sum in the last
member is the discounted value of the fixed setup costs, and
the second term the discounted value of the production costs,
each item requiring an out-payment of ¢ when it is produced
(completed).

If, instead applying the traditional average cost (AC)
approach, the AC can be interpreted as a zeroth/first-order
approximation of the annuity stream corresponding to the
NPV, i.e. the equivalent constant cash flow generating the
same NPV, cf. (11), where the holding cost # may be
interpreted as pc. But the net present value principle,
generally speaking, is considered superior to the traditional
average cost approach (Hadley, 1964, Trippi and Levin, 1974,
Grubbstrom, 1980, Grubbstrom and Thorstenson, 1986, Kim,
Philippatos and Chung, 1986, Thorstenson, 1988, Johansen
and Thorstenson, 1996, Grubbstrdm and Kingsman, 2004).

The Triple Algorithm (Grubbstrom, 1999b, 2005) works as
follows. We consider three points in time at which demand
events oceur /,, 1, and ¢, , where i <j <k, cf. Fig. 2. If there
is a setup at 7, (the in-between time), this setup has to be

justified by the inventory reduction represented by the shaded
rectangle exceeding consequences of the setup cost K.

L t, t, t
Fig. 2: The shaded area represents g, (Eqs (42)-(43)), its size

determining whether or not a setup at 7, is justified.
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The setup cost K is temporally located at #; and has an NPV

=p(t;=t;)

discounted to ¢ amounting to Ke . The inventory

reduction in physical units amounts to D, , — D ., and has a
NPV
—c(l—e*p("*"))(DA,F1 —lA)H), from moving the production

corresponding amounting to

~

cost c(D,H—lA);l) from ¢ to ¢, . Comparing these

J J

consequences by the ratio g, defined as

c(l—e_p(t’_t") )(B,H —DTH)

ik = Ke PG -

C(ep(tﬁm _1)(5/(71 _51—1) (42)

K >

the intermediate setup at ¢, is justified when g, >1, and

not justified in the converse case. Assuming p to be small,
of the
~1+ p(t; —t,), we obtain the corresponding ratio for

a Maclaurin factor

ep(fj =)

expansion exponential

the average cost case

pc(tj _ti)(Bk—l _Bj—l)
K

(43)

ik =

where pc is interpreted as the inventory holding cost. With

this approximation, the inventory savings are directly
proportional to the shaded area in Fig. 2, i.e. to

(t/.—tl.)(Dk_l—Dj_l). The ratio g, forms the basic

measure on which of the Triple algorithm is founded.

Assume that there is a setup at 7,. The next two setups ¢, ,
and ¢, cannot be considered as candidates for the optimal
solution unless g, >1. Furthermore, for ¢, temporarily
assumed known, the in between #; must be chosen so as to
maximise the ratio g, , otherwise further savings would be
possible by adjusting ¢, . When k is increased from i + 1 and

upwards, the next setup after i has to occur at the /atest for a
highest k such that g, <1 for all in between values of j,

i< j<k, otherwise a setup should have been taken at an
intermediate 7, (and not wait until 7, ). With an increasing

k, the intermediate ratios are increasing for any intermediate
J (as seen from Fig. 2).

Hence, for a given i, we determine a latest point L(7) by:

L(i)= Max k .

J8ijk <1

(44)

For k above L(i), there must be a setup somewhere in the
interval between i and k. For both & and the intermediate ; to

be optimal, the j must be chosen to maximise g, . As k

increases, the maximising argument ; cannot decrease.
Viewing j as a function of £, this function is non-decreasing.
Therefore, if the setup at ¢ is known, the earliest time index

at which a next possible setup is optimal, written E(i), is for
the j maximising g .,

E@) = Argmax 8L - (45)
J

For any i, we can therefore define an interval [E(i), L(7)],
within which the next optimal setup must occur.

For a given i, we investigate which next k& (second next setup)
that can be a possible candidate. This & is at least Z(i) + 1 and
not higher than that the intermediate maximising j falls within
[E(D), L(1)]. Any given i thus generates a set of possible triples
(i, j, k) which are consistent with this condition. Starting at
t, =0, at which there must be a setup, a first set of triples (1,

J, k) is generated. For each such triple, starting with its
intermediate element, a new set of triples is generated, and so
on.

For an optimal sequence of setups, consecutive triples must be
consistent with each other in the sense that the later interval of
one triple (¢, —¢;) equals the former interval (¢; —¢,) of the

triple following. While generating the sets of triples, one may
therefore discard any triple that does not meet this
requirement. The remaining triples must be compatible
forwards and backwards. Striking out a triple at a late stage,
might provide reductions also at very early stages, and vice
versa.

This procedure generates a limited set of feasible paths
(sequences), of which (at least) one is optimal. Having reached
the end stage, the remaining sequences may be evaluated by
complete enumeration determining the optimum.

6. SOLUTION TO THE LOTSIZING PROBLEM FOR A
GENERAL ASSEMBLY SYSTEM
WITHIN MRP THEORY

Having explained basic MRP Theory, developed expressions
for how demand events propagate upstream in Sections 3 - 4,
and outlined the Triple Algorithm for dynamic lotsizing in
Section 5, we are now in a position to state and solve the
problem of lotsizing for a general multi-level, multi-product
system having an assembly structure.

The very maximum number of different time points at which
requirements can occur, has been determined in Section 3.
Essentially, this timing is given by the L4L lotsizing policy.
However, on a lower level (upstream) requirements might not
occur at all points, since production at the higher level might
restrict itself to only using a smaller subset of the points
available, and this in its turn reduces the number of available

points on lower levels. A fewer number of terms in 13i(s) (and

therefore in é’(s)) will reduce the number of possible optimal
time points of production on lower levels, i. e. possible terms
in P(s),j>i.
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Let us consider the case that there is only one end product,
i. e. there is never any demand for spare parts etc. In such a
case, only M, >0, and all other Mj =0, forj > 0. Then,

. 1Li=1
i—1 b ]

mo=) 27M 4 M, =M x41,i=2, (46)
J=l 2172 i>2.

So, at the bottom level #, the maximum number of points in
time to consider will be 2"~ M | - If instead all levels have a

similar external demand, say M, we have

il i-1
i1 21 1 i
m=My 27 +M:M( St EY ML @
j=l

which is (only) twice the number of the former case, if
M=M,.

We know that total requirements for item i, are generated
only by production events f}{' (s) on higher levels, k£ <, and

its external demand l~)i (s) . Given these downstream events
(and external demand), provides the timing belonging to
é'(s) as well as the size of requirements at each time, i. e.

the staircase ﬁi (s)/s. We can therefore apply the Triple

Algorithm to the NPV of each I3i’(s) given all downstream

i’k'(s), provided that the NPV of the optimal plan for

upstream production is added to the objective function. This
forms a dynamic programming procedure enabling an
optimisation of the system as a whole.

As a description of the state at stage i, we choose the

requirements b,- :Eiﬁi , where the timing t; can be
L4L The
coefficients in ]f)i depend on decisions at earlier stages

computed in advance from the solution.

(downstream) according to

i—

(b, |-

where the matrices Ay, ~contain elements depending on

[HE(5)], T, Ay, Dy +Dy(s),
1

(48)

=~
Il

decisions at stage k only, i.e. on @y, (defined in (3)),

k=1, ..,i-1.So (48) defines the state transition, when
decisions are taken at stage 7 - 1.

Thus, if we use this vector to collect the binary decisions for

the production events P/(s) and let ¥, (aimi,f.f)i) denote

1 1
the maximum NPV of the production of all upstream items
k> i, when given fiﬁi , then the problem may be formulated
in the following recursive manner:

1

W, (“i—lm,,l 9Ei—lﬁi—1 ) =

. . (49)
= l\éla. {NPVproduction (aimi ‘tiDi ) + VVHI (aimi > tiDi )} >
Where NPVproduclion (aimi Eiﬁ[) = _K[Eiaim, - C[EiA[m[ ﬁ[ iS the

contribution to the NPV from the ith level. For i = n, we have
VVnJrl (anmn ) =0 ’ SO Wn (an—lmn,l ’ tn—ll)n—l ) =

Max {NPmedumon (“nm,, ‘f,,ﬁn )} , etc. When carrying out each

a

nmy

such maximisation, the Triple Algorithm may be applied. If a

component of ﬁi happens to be zero-valued, the
corresponding component of @, must be set to zero. This

may create a substantial reduction in the size of the problem.
7. NUMERICAL EXAMPLE

As a numerical example, we choose the five-item product
structure in Fig. 3.

Ll N

Zl g |n=3 | c|s=5
3* D 4* E 6* E 1_'4:1_-5=[)

Fig. 3. Product structure of example, showing input matrix
elements and lead times.

The input matrix, lead time matrix and generalised Leontief
inverse are given by:

A0 0 0 0 0 ¥ 0 0 00
B|2 0000 0 & 0 0 0
H=C|5 0 0 0 0> %(s)=| S0 ol
DI0 3 0 0 0 0 1o
E|l0 4 6 0 0 0 0 0 0 1

A 1 0 0 00
B 2¢* 1 0 00
(1-H#(s)) ' =C 5% 0 1 0 0}
D 6> 3¢ 0 10
E (8e5S+3oe7S) 4¢¥ 6 0 1

Let external demand be
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[Dy(s)] [2¢7% +3¢7%]

Dz(s) 4713
D(s)=|0 =10 ,

0

0 0

meaning that two units of item A are demanded at time
t =12, three at time ¢ = 14, and that four units of item B are
demanded at = 13. The L4L solution will then become

P (s)= (1- H‘I'(s))_1 D(s) =

1 0 0 00 '267123+36714s'
2¢* 1 0 0 0 413
5% 0 1 0 0llp =
6¢™ 3 0 1 0]l0

(865‘9+30e7‘?) 46" 6™ 0 1] |

[ 267125 1 307148

407195 1 67128 147138
=|10e7'% +15¢7'*
12775 +18¢™ +12¢7'%

60e™>* +106e "% +24e™%° +16¢ 1%

which shows the volumes completed as well as their timing
for all five items. The setup vector for this L4L case will be

P'(s) = (1-H(s)) D'(s) =

1 0 0 0 0 _e—12s+e—14s_
e 10 0 0f 13
% 0 1 0 0o =
e e 0 1 0[0
(e5° +e7s) & e 0 110
_e—IZS Lol ]
o105 | o128 | o138
o105 | 12s

e—7s +e—9s +e—10s

10s

e—SS +e—7s +e—9s +e

In contrast, for the "All at Once" solution we have:

_56—12s
146—10S
256_105
42¢778
206¢7°

Py (s) =

Requirements making up internal and external demand are
obtained as:

D(s) = Hi(s)P(s) + D(s) =

0 0 0 0 0] (27125 43¢714 ]
2% 0 0 00 413

=5* 0 0 0 0|P(s)+|0
0 3* 0 00

|0 4c® 6¢® 0 0] 0 ]

We may now write the production opportunities (48) in binary
.| D 2 .
form. With D, =| "' :{ } and t, = [e_lzs,e_m}, using
Dy, 3
(36) we have B(s)=tA;,D = o (2+3(1-ap))e ™

145 where the first index of A,, is item index and the

+3ap,e”
second the number of events. Since A(s)= {;A,D, =

(0‘11 (2+3(1—0{12 ))e‘lzs + 3ap,e ) , we identify

A 1?21 ) (4+6(1-ay,))
D, =| Dy, |=| 6a,,
Dy | |4
and
i, = [e—l‘”‘,e—”b‘,e—lﬂ .
Hence,

201, (2+3(1-,))
152(S) _ [6—105’6—125’6—135}A23 6, _
4

{a [2all(2+3(1—alz))

—10s
1 e
+6a1, (1—ap) +4(1—ay )(1-ay; )J]

+(aa (601, +4(1-33))) e +4aype™> .

Further computations yield

b, :{om (10+15(1—0512 ))}’ t, = |:e—12s e*l4s:| ’

15a,, ’

and
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133(5) = E3Az3]A)3 =
(a“ (10+ 15(1-ar, ))a31 +15a,05, (1—a32))e_105

+5apape ',
(6, (2+3(1- ) a5y + 18,05, (1= 35

b, - +1205; (1= 01y ) (1 - a3 )]
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It is easily verified that the L4L solution is obtained when

all ¢ are set to unity, and the V@1 solution when only the

o, are unit-valued.

The production timing may be written P/(s) = fiu,-mt_ Al g

and m; are found from the explicit L4L solution

(1-H#(s))™ D(s).

As economic parameters, let us further assume the

production and setup cost vectors
¢ =[200, 180, 160, 140, 120], K =[110, 100, 130, 80, 70],

and an interest rate p =0.01. The NPV is then
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With the given parameter values, the optimum is found for the
solution:
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-36,141, of which the fixed

setup charges account for -741, and the production variable
out-payments for -35,400. This solution gives an optimal

roduction

production plan P(s) and an optimal production timing vector

P'(s) according to:
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We may compare this solution with the two extreme
replenishment policies L4AL (“As Required) and the converse
policy V@1 (“All-at-Once”). With L4L replenishments, all

o, have unit values in all positions. For the V@1 policy,

im;
there will be zero values for all components of a,,, except the

first components having unit values. The V@1 policy gives
NPV, oduction = -36,239, made up of a setup contribution

amounting to -456, and a variable cost contribution to -35,783.
Instead, the L4L policy yields NPV, -36,353, with a

production:
setup contribution of -1,190 and a variable production cost
contribution of -35,162.

If we instead choose the average cost principle (AC), the
optimum will be found for

1 1
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which differs from the NPV optimum by two less setups.
Here, total costs amount to 604, of which setup costs are 570
and holding costs 34. The L4L and V@1 solutions give total
costs of 1,320 and 668, respectively, of which setup costs are
1,320 and 500, respectively, and holding costs zero and 168,
respectively. The holding costs are based on available
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inventory and therefore do not include costs for work-in-
progress, which amount to 296 in all cases.

If the NPV is computed for the AC solution, we have
NPV, = -36,178, of which the setups contribute with

-521 and production costs with -35,657. This creates a cost
increase of 37, compared to the NPV optimum, and the other
solutions do not differ much in their consequences either, a
circumstance which is common when balancing setup and
holding charges. The most costly solution generates a mere
NPV, -36596.

roduction

roduction

The structure of this example is as follows. We have five
stages with five vectors Oy, 1= 1, ..., 5, holding a total of

5
2'71 m; =14 binary variables, of which each must have a

unit first component. Therefore, there are 2° =512
solutions to choose from, which is not a large number. One
potential requirement event disappeared concerning item E.
This is due to two terms in the generalised Leontief inverse
in position (5, 1) by coincidence having the same
exponential factor e ’*. Otherwise there would have been
10 decision variables and 1024 solutions. But the number is
also reduced due to zero internal demand at certain points in
time. In this example there are 402 such cases reducing the
number from 512 to 110.

However, as shown earlier, this number increases rapidly
when the number of product structure levels and number of
external demand events increase, as well as when the input
matrix is more filled with positive elements. If the matrix
would have been filled completely with positive elements
beneath its diagonal, assuming the same external demand
events, from (29) we would have had 35 binary variables

(rather than 9 or 10) and a total of 2°° =549,755,813,888
solutions to choose from (rather than 512 or 1024).

Fig. 4 contains a scatter diagram of all 110 solutions of this
example, indicating the relationship between the four
extreme solutions.
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Fig. 4. Scatter diagram of solutions. Encircled points show
the four extreme and the AC solutions.

8. CONCLUSIONS

In the foregoing, we have analysed the problem of deciding
an optimal production plan for a general assembly system,

when maximising the Net Present Value. As a background, we
developed expressions for how external demand events (the
“Master Production Schedule” in MRP terminology) generate
requirement events on lower levels upstream in the production
system. Adopting the same representation for decisions as
when applying the Triple Algorithm, namely introducing
binary decision variables for having a setup or not at time
points determined by each requirement event, enabled us to
formulate the general problem in a compact way utilising the
framework of MRP Theory. The final findings were in the
form of a recursive equation for NPV maximisation, in
parallel with an equation explaining the development of
requirements for each stage in the decision process, the latter
acting as the state transition equation.

The simplicity in the structure of the solution, due to its
compact formulation, makes it very easy to design a computer
program, intended to find the optimal production plan for any
general assembly system.

In further studies, the natural line of development, on the one
hand, will be to introduce stochastics into external demand,
allowing for such demand to be backlogged or lost, and
introducing safety precautions in the form of safety stocks
and/or safety lead times. Secondly, the introduction of
capacity constraints into this type of lotsizing decisions will be
a further important extension.

This will be a challenging continuation.
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